Recently, different continuous-time queueing systems have been applied to a wide class of economic activities, including dynamic market process [22] , labor market [19] , holdups in markets with frictions [2] , manufacturing and computer systems [17] , multiproduct monopoly [21] , hospitals [24] , manufacturing context [26] , job shop environment [12] and repair shops [23] . However, the discretetime systems are more appropriate than their continuous-time counterparts for F o r P e e r R e v i e w modelling diverse productive processes, since the basic units in these systems are digital such as machine cycle time. The analysis of discrete-time queueing models has received considerable attention in the scientific literature over the past years, in view of its applicability in the study of many computer and communication systems in which time is slotted, see [7, 14, 25, 28] and the references therein. Another important application stems from the secondary and tertiary sector since, for example, the current production systems of numerous factories operate on a discrete-time basis where events can only happen at regularly spaced epochs. Nonetheless, despite the wide applications in the aforementioned areas, no work seems to have been done concerning these last applications. That is why this paper makes efforts to fill this space and proposes a new approach modelling some economic activities in discrete-time.
On the other hand, in many queueing situations an arriving customer may balk, so there exists literature devoted to the design and applications of such models [1, 3, 15, 16, 18, 20, 27, 29] . Intuitively, the introduction of the balking assumption makes the system less congested than if it was not present, thus the existence of balking provides a mechanism to control an excessive congestion at the system. There exist another queueing models where the customers can leave the system before completing his service, for instance, queues with negative customers [4, 5] , disasters [4] or impatient customers [8] . Unlike what happens in our model, in the case of negative arrivals or disasters, the abandonments are generated by external causes. Our system could be thought as a related model with impatient customers; however, the balking supposition involves an automatic system abandonment upon arrival at the system, whereas impatience means to take the abandonment decision after some random time.
Several continuous-time queueing models with balking have been discussed during the last years. Nevertheless, to the best of our knowledge, the only work about balking in discrete-time can be found in [16] , where the authors regard a discrete-time multi-server queue with balking and reneging under arbitrary initial conditions and finite waiting space. This work studies a discrete-time single-server queue with finite and infinite buffer, in which arriving customers balk with a certain probability: in a case constant and in the another one depending on the number of customers in the system upon arrival. Moreover, certain economic activities can be modelled by this queueing system; specifically, two examples are shown in the secondary and tertiary sector. Besides, a cost model is developed to determine the optimal buffer size in order to minimize the steady-state expected cost per unit time.
The rest of the paper is organized as follows. The mathematical model is described in the next section. Section 3 provides some examples of real systems which can be modelled by our queue. Section 4 investigates the stationary distribution and the stability condition of the model under study. Waiting/spending time in the FCFS system is analysed in Section 5. Section 6 shows the stationary distribution of the unfinished work. Section 7 develops a cost model to determine the optimum buffer capacity. Finally, in Section 8, some numerical results are presented to illustrate the effect of the parameters on several performance characteristics. We consider a discrete-time queueing system where the time axis is divided into intervals of equal length, called slots. It is assumed that all queueing activities (arrivals and departures) occur at the slot boundaries, and therefore they may occur at the same time. For mathematical clarity, we will suppose that the departures occur at the moment immediately before the slot boundaries and the arrivals occur at the moment immediately after the slot boundaries; that is, we will discuss the model only for the early arrival system policy (details on this and related concepts can be found in [11, 14] ).
We assume that the system conforms to the following assumptions:
• Customers arrive according to a Bernoulli process with probability p , thus p is the probability that a customer arrives at a slot andp = 1 − p is the probability that an arrival does not take place in a slot.
• If the system is free at the instant of an arrival, the service of the arriving customer commences immediately and the customer leaves the system after service completion.
• If the arrival finds the system busy, the arriving customer either with a probability r k , when the system size is k , joins the waiting line in order to be served (persistent customer), or with complementary probability abandons the system forever without service (non-persistent customer).
• The balking probability is 1 − r k if there are k customers in the system upon arrival.
• We will study two cases separately: the case of a fixed r k = r (constant rate policy) and the case of r k = r k (discouraged rate policy) where 0 ≤ r ≤ 1 .
• It is always assumed that services can begin only at slot boundaries and their durations are integer multiples of a slot duration.
• Service times are independent and geometrically distributed with probabilitys = 1 − s , where s is the probability that a customer does not conclude his service in a slot.
• It is supposed that the buffer capacity is N . We consider two cases singly: an infinite buffer N = ∞ and a finite buffer 2 ≤ N < ∞. For a finite buffer, an arriving customer who finds the system completely full is lost.
It appears reasonable to assume, in certain situations, that the balking probability is constant and is not dependent on the system length; such situations may arise when the system length is not observable by the customer and he has no knowledge of the system length. It is also logical to suppose that the balking probability increases as more customers enter the system; in fact, if the system size increases, then the waiting time is higher and the arrivals are discouraged to wait in order to receive their services. It is obvious that we introduce the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 59 60 F o r P e e r R e v i e w balking probabilities as a mechanism to control the level of internal congestion in the system. It should be pointed out that the discouraged rate policy is more intelligent and rational than the constant one, since the first discipline has more information concerning the queueing system.
In Figures 1 and 2 , the system is depicted for an infinite and finite buffer, respectively. In order to avoid trivial cases, we assume 0 < p < 1 and 0 < s < 1 . The traffic intensity is given by ρ = p/s .
At time m + (the instant immediately after the m-th slot), the system can be described by the random variable X m , which designates the number of customers in the system (including the one in service, if any).
To conclude this section it should be pointed out that if r = 1 , arriving customers always decide to enter the system in order to receive their service, hence we obtain a well-known special case: the classical discrete-time singleserver queue with geometrical arrivals and service times. In the particular case 4 
Practical applications
This section gives two examples of productive processes which can be modelled as a discrete-time single-server queue with balking.
Secondary sector
This subsection applies the model under consideration to the industrial sector. The production system operates in the following way. It is considered a manufacturing plant in which the production process is divided into several phases. We will concentrate our attention on a specific stage, as appears in Figure 3 . Customers are components or products that pass by different jobs on consecutive machines. Customers are transported in a conveyor belt with regularly spaced partitions (which, for example, move every thirty seconds). Each division of the conveyor belt contains a component/product with probability p and consequently the arrivals follow a Bernoulli process. In addition, a buffer is opposite the machine (server) in a lower level, which impedes empty positions in the waiting line (see Figure 3) .
The components are processed on a first-come-first-served (FCFS) basis. If the machine is empty at the moment of an arrival, the service begins immediately 5 and the corresponding component/product leaves the system after concluding his service. When the system is busy, customers with a probability r k , if the system size is k , join the buffer (see the left-hand side of Figure 3 ). On the other hand, if the queue in front of the machine is "too occupied" (right-hand side of Figure 3 ), a gate prevents the passage to the waiting line; in this case, the customers with a probability 1 − r k abandon the studied system forever without receiving service (non-persistent customers) and pass to another phase of the productive process.
Components/products may be distinct and consequently manufactured at different times, that is, service times are not deterministic. For instance, a service finishes with probabilitys each half minute (if the duration of a slot is thirty seconds).
Tertiary sector
The mathematical model described in section 2 allows to analyse problems that take place in activities of the services sector. In this subsection the previous queueing system has been applied to a particular attraction of an amusement park, as you can see in the enlargement of Figure 4 . A train with as many carriages as attractions covers all the amusement park so every five minutes, for example, an only carriage stops at each of the attractions. The group of people who get off the carriage in each attraction (for instance, one or twenty persons) will be called a visitor. In the attraction under study, a carriage arrives empty or busy each five minutes (the duration of a slot) with probabilitiesp and p , respectively. When the attraction is unoccupied, the visitor will join the attraction immediately. Otherwise, based on the characteristics of the queue, the visitor will choose either to stay in the carriage or to 6 (a) If the visitor has knowledge of the system length, he will join or leave the attraction (system) depending on the waiting time. In this case, the balking probability increases as more visitors enter the system, that is, it is an increasing function of the system size (discouraged rate policy). Two different possibilities are assumed: a finite queue if there is a limited space, or an infinite queue when the extension is so large that it may be considered infinite.
(b) If the visitor does not know the system size, the balking probability will be fixed (constant rate policy). For example, when there is an opaque fence with a gate and some instructions about the attraction. Like in the previous assumption, the buffer can be regarded finite or infinite.
We assume that visitors arrive at the attraction through a single waiting line and are served in order of arrival (FCFS). An only visitor can be served in each attraction and his service time is a multiple of five minutes. Every five minutes, the attraction concludes with probabilitys. Once the visitor is served leaves the attraction (system).
System size
This section studies the stationary distribution of the system size and its ergodicity condition, and it also links our discrete-time model to the continuous-time one.
It can be readily shown that {X m , m ∈ N} is the one-dimensional Markov chain of our queueing system, whose state space is {0, 1, 2, . . . , N + 1} . One of the main objectives is to find the stationary distribution
of the Markov chain {X m , m ∈ N} . The state space and one-step transitions are illustrated in Figure 5 .
The Kolmogorov equations for the distribution π k are
and the normalization condition is N +1 k=0 π k = 1 . The solution of these equilibrium equations is presented in the following theorems, whose proofs are easily obtained proceeding by recurrence. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w Theorem 1 (Constant rate discipline) The Markov chain {X m , m ∈ N} is ergodic if and only if ρ r δ N,∞ < 1 and its stationary distribution is given by the formulae:
Theorem 2 (Discouraged rate discipline) The Markov chain {X m , m ∈ N} is ergodic if and only if ρ δ r,1 δ N,∞ < 1 and its stationary distribution is given by the formulae:
Let us remark that if r < 1 , in case of infinite buffer and discouraged rate, the system is always ergodic independently of the parametric values. This fact was expected since as the system size increases, the effective rate of entrance diminishes, which constitutes a mechanism to impede an overloaded and unstable system.
We must emphasize the importance of finding the ergodicity hypothesis, which is related to the term "propagation of chaos" [6] . Although chaotic systems obey certain rules that can be described by mathematical equations, chaos theory shows the difficulty of predicting their long-range behaviour. This queueing system could be tackled in an alternative way using the chaos theory [6, 10, 13 ]; specifically, we should follow the two crucial steps given by Borovkov [6] . Of course, when the parametric values tend to the ergodicity condition, the system becomes unstable and tends to the disintegration. Furthermore, although the system is always ergodic under a finite buffer, it is seriously disturbed-unbalanced when the parametric values approach the ergodicity condition of the corresponding model under an infinite buffer (see the maxima of the graphics in Figure 8 ).
Remark 1 (Relation to the continuous-time system) This remark analyses the relation between our discrete-time model and its continuous-time counterpart.
We consider the continuous-time single-server balking queueing system where customers arrive according to a Poisson process with rate λ . The balking operation is exactly the same than in discrete-time. Service times are independent and exponentially distributed with mean µ −1 . Interarrival and service times are assumed to be mutually independent. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 , the previous continuous-time system can be approximated by our discrete-time model choosing the parameters as follows: p = λ ∆ and s = 1 − µ ∆ .
• For the constant rate policy, we have:
• For the discouraged rate policy, we obtain:
These stationary probabilities can be checked since this continuous-time system is a special case of a birth-death process with state-dependent arrivals and departures [9] .
Waiting/spending time in the FCFS system
This section presents the stationary distribution of the waiting/spending time in the FCFS system of an arriving customer. Firstly, we define the waiting time W (measured in slots) in the FCFS system in the m+1-th slot as the time that a customer would wait in the corresponding system with FCFS discipline if he arrived in the m + 1-th slot.
Theorem 3
The stationary distribution of the waiting time W in the FCFS system is given by:
Proof: The waiting time of a customer who arrives in the m + 1-th slot will be zero if X m = 0 or (X m = 1 and the current service finishes in the m + 1-th slot). Let us remember that the remaining service time follows a geometrical distribution with probabilitys due to the memoryless property of the geometrical law.
If X m = k ≥ 1 and the current service does not conclude in the m + 1-th slot, the waiting time will be the sum of k − 1 complete service times plus the remaining service time of the customer currently being served; then the waiting time will be the sum of k independent and geometrically distributed random variables with parameters .
If X m = k ≥ 2 and the current service ends in the m + 1-th slot, the waiting time will be the sum of k − 1 complete service times, that is, the waiting time will be the sum of k − 1 independent geometrical distributions with parameter s .
We now define the spending time S (measured in slots) in the FCFS system in the m+1-th slot as the time that a customer would spend in the corresponding system with FCFS discipline if he arrived in the m + 1-th slot. It is equal to the waiting time in the m + 1-th slot plus the service time of the arriving customer in the m + 1-th slot.
Theorem 4
The stationary distribution of the spending time S in the FCFS system is given by:
The proof of this theorem follows the steps given in the proof of the previous theorem.
Unfinished work
This section finds the stationary distribution of the unfinished work, that is, the stationary distribution of the remaining number of slots needed to empty the system of all the customers present. Specifically, the unfinished work U (measured in slots) immediately after the m+1-th slot is the sum of the service times of all customers in the queue and the remaining service time of the customer being served at that time. It is equal to the waiting time in the m + 1-th slot plus the service time of a possible arrival in the m + 1-th slot. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w Theorem 5 The stationary distribution of the unfinished work U is given by:
Proof: If X m = 0 or (X m = 1 and the current service finishes in the m + 1-th slot):
• if an arrival occurs in the m+1-th slot (with probability p), the unfinished work will be the service time of the arriving customer.
• if an arrival does not occur in the m + 1-th slot (with probabilityp), the unfinished work will be zero.
If X m = k ≥ 1 and the current service does not conclude in the m + 1-th slot:
• if a customer enters the system in the m + 1-th slot (with probability (1 − δ k,N +1 ) p r k ), the unfinished work will be the sum of k complete service times plus the remaining service time of the customer currently being served; then the unfinished work will be the sum of k+1 independent and geometrically distributed random variables with parameters .
• if a customer does not enter the system in the m + 1-th slot (with probability 1 − (1 − δ k,N +1 ) p r k ), the unfinished work will be the sum of k − 1 complete service times plus the remaining service time of the customer currently being served; then the unfinished work will be the sum of k independent and geometrically distributed random variables with parameter s .
If X m = k ≥ 2 and the current service ends in the m + 1-th slot:
• if a customer joins the system in the m+1-th slot (with probability p r k−1 ), the unfinished work will be the sum of k complete service times, that is, the unfinished work will be the sum of k independent geometrical distributions with parameters . • if a customer does not join the system in the m+1-th slot (with probability 1 − p r k−1 ), the unfinished work will be the sum of k − 1 complete service times, that is, the unfinished work will be the sum of k − 1 independent geometrical distributions with parameters .
Optimal control
In practice of designing concrete systems (computer and communication networks, manufacturing systems,. . . ), a question arises to the manager: How is the buffer size chosen to minimize the cost function? This type of matters motivates that the optimal control of the buffer size is investigated in this section.
We develop a steady-state expected cost function per unit time, in which N is a decision variable. Our aim is to determine the optimum value of the control parameter N , say N * , so that this function is minimized. The following costs are considered: The performance measures, such as the expected number of customers in the system µ s and the expected number of customers in the queue µ q , can be obtained from the steady-state probabilities and are given by:
Since the probability that a customer balks in the system is 1 − r k if the system size is k = 1, . . . , N , the balking probability is given by:
Using the definitions of each cost element listed above, the total expected cost function per unit time is given by:
We now carry out a sensitivity analysis on the optimum value N * based on changes in specific values of the system parameter r under the two balking disciplines. The following cost elements are used: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 The lightest cases (C 1 and C 2 ) are due to the costs induced per buffer size and per maintaining the server inactive, respectively; albeit holding customers in the buffer is costlier than having an unoccupied server (C 2 < C 1 ) . The highest costs (C 3 and C 4 ) are presented when a customer does not receive his service, though it is less serious when the omission of the service is a decision of the customer (C 3 < C 4 ) . Obviously, the values of the costs can change as function of the decisor priorities.
The analytical study of the behaviour of the expected cost function is an arduous task since the decision variable N is discrete and appears in a complex and non-linear expression. Hence, the optimum value N * will be the first integer by satisfying the inequality C(N * − 1) ≥ C(N * ) ≤ C(N * + 1) . Table 1 : Constant rate policy. Tables 1-2 present results for constant and discouraged rate policy, respectively. The results are rounded to six significant digits. We first fix (p,s) = (0.5, 0.3) and choose several values of r . The minimum expected cost C(N * ) and the values of various system performance measures µ q , π 0 , α and π N * +1 at the optimum values N * are shown in Tables 1-2 for different values of r . One sees that N * , as function of r , starts increasing to a maximum and then decreases until 2. From the last five columns of Table 1 , N * does not change at all when r varies from 0.4 to 0.95. From the last three columns of Table 2 , the optimum values N * are the same even though r changes from 0.8 to 0.95. As the intuition tells us, the mean buffer size µ q increases with increasing values of r , while π 0 and α reduce as r increases.
Let us briefly compare the data in Table 1 with those in Table 2 . It is observed that C(N * ) is slightly superior with a constant rate policy and the balking probability is moderately higher with a discouraged rate discipline. As 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Table 2 : Discouraged rate policy.
was expected, the costs are minimized with the discouraged policy since, under this rule, the balking probability increases as function of the system size. Moreover, the probability that the system is empty (respectively, the loss probability) is smaller (respectively, bigger) in the constant case than in the discouraged one.
Numerical work
This section shows some numerical results regarding the stationary distribution of our systems. Besides, as performance measures, we choose the mean system size µ s , the balking probability α , the variance σ 2 s of the random variable "system size", the mean waiting/spending time and the mean unfinished work. The arrival and departure probabilities p ands in a slot are assumed to be equal to 0.5 and 0.3, respectively. The following graphics and tables corroborate what the analytical results and intuition tell us.
In Figure 6 , the stationary probabilities π k are plotted versus r when the buffer size is 3. The curves corresponding to the constant and discouraged rate policies show a similar behaviour. We can observe that π 0 and π 1 decrease with increasing values of r , which also agrees with the intuition. On the other hand, we see that π 2 and π 3 are increasing and then decreasing according to the rises of r . As is to be expected, the loss probability π 4 is increasing as function of r . Figure 7 considers the effect of the parameter r on the mean system size and the balking probability. Figure 7 (a) illustrates the development of µ s as function of r . We present six curves which correspond to N = 10, 20, 30 subject to the two disciplines. As was expected, the mean system size µ s grows with increasing values of r F o r P e e r R e v i e w and N . Under the constant rate rule, this increase is moderate when r varies from 0 to 0.5, while the increment is considerable when r is superior to 0.5. An analogous behaviour is observed for the discouraged rate policy, since the growth is controlled if r < 0.9 and is heightened if r approaches 1. Moreover, assuming r inferior to 0.5, µ s is scarcely affected by the discipline and the buffer capacity. We also note that, for any value of r , the mean system size µ s is bigger in the constant case than in the discouraged one; although the difference between both rules, which increases with N , is intensified when r exceeds 0.5.
In Figure 7 (b), the balking probability α is plotted against r for the two disciplines. The curves are decreasing as function of r , in accordance with the analytical expression of α . As is to be expected, the highest curves correspond to the discouraged rate policy. Under the discouraged case, the balking probability α rises with increasing values of N , but these differences are only appreciated when r is close to 1. Figure 8 depicts the variance σ 2 s of the random variable "system size" against r in relation to three values of N and the two considered schemes. Obviously, σ 2 s increases with N , i.e., the concentration of the stationary distribution of the system size reduces as the buffer capacity grows. It can be seen that all the curves, as function of r , increase to a maximum and then decrease. In the constant rate discipline, observe Figure 8 (a), the maxima are got when r takes the value of the ergodicity condition in the case of infinite buffer (r = 1/ρ) . In the discouraged rule, see Figure 8(b) , the values of r where the maxima are reached tend to 1 as N increases. Moreover, the maxima of σ 2 s are smaller in the discouraged case than in the constant one, what confirms that the discouraged rate policy continually receives and processes information in order to decide the entrance in the system or not of the arriving customers. In both policies, when r belongs to certain intervals, the variance σ 
Conclusions
It should be pointed out that the economic importance of this paper resides in the multiple applications to productive processes, since most of them operate on 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 a discrete-time basis. In fact, this paper presents two examples applied to the industrial and services sectors. Furthermore, the optimal control of the buffer size has been investigated in order to minimize a cost model, what represents a main objective from the enterprise point of view. On the other hand, the mathematical importance is in the direct resolution of the systems of equations, since we find explicit formulae for the stationary probabilities of the system size, of the waiting/spending time in the FCFS system and of the unfinished work. From the solutions we can obtain, among others things, all the moments for the stationary distributions of the number of customers in the system and in the waiting line, the measures of effectiveness,. . . Moreover, the formulae of the finite buffer can be used for the approximate calculus of the stationary features of the respective queueing systems with infinite buffer capacity (for values of N large enough).
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